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INTRODUCTION 
Let C(a, b) be the set of all real continuous functions on [a, b] where 
b - a < 4 (see [6; 12, note 4.4]), 1etfE C(a, b) be arbitrary but fixed, and 
let Ijf - Q I/ denote a measure of deviation or error in approximating f by 
Q E Q(Z), the set of all polynomials with integral coefficients. 
DEFINITION 1. (a) f is approximable if and only if for each y > 0 there 
exists Q, E Q(2) such that 1 f(x) - Q,,(x)1 < y for all x E [a, b]. 
(b) fis matchable on S if and only if S C [a, b], and there exists Q E Q(Z) 
such that Q(x) = f(x) for all x E S. 
(c) Let U(a, b) = {Q I Q E Q(Z), 0 < Q(x) < 1 for all x E [a, b], Q + O}. 
Then U(a, b) # m (follows from [6, Theorem XIV]). Let J(u, b) = 
{x I x E [a, bl, QW = 0 f or all Q E U(u, b)}. The points of J(u, b) are called 
the critical points of [a, b]. 
The problem of the approximability off has a fairly long history (see 
[3; 4; 6; 8; 12; 13; 15-171); for numerous results closely related to this problem 
see [S; 7; 9; 10; 141. More recently, the questions of existence and uniqueness 
of best approximations have been studied (see [l; 2; 111). Extensive use of 
some of these results will be made in this paper. 
Our main result (Theorem 1) states that iff is not approximable, it can be 
modified by changing its definition on the finite set J(u, b), so as to be point- 
wise approximable by polynomials Q G Q(Z). 
We prove also some results concerning approximation by polynomials of 
Q(Z) in nonchebyshev norms. 
319 
Copyright 0 1973 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
320 ANDRIA 
CONVERGENCE THEOREMS AND BIST APPROXIMATIONS 
The first norm to be considered is the maximum (Chebyshev) norm 
IV - Q Iim = aIzzb If(x> - Q(x)l. 
THEOREM 1. Suppose f is not approximable, and set 
then there exists a sequence {QJ in Q(Z) such that Ql -+ F in [a, b], where 
f(x) F(x) =IT(x) for x E [a, 4 - J(a, b), for x E J(a, b) (which is # I$ andfinite [12]). 
Here T E Q(Z) and is of degree < n, and we have max,(,,,) 1 f(x) - T(x)1 = k,. 
Proof. There exists y > 0 such that for each Q E Q(Z), I f(x) - Q(x)/ > y 
for some x E J(a, b) # m 12, Theorem 71. From Theorem 5 of [2] it follows 
that the supremum of the set of these y’s is k,, . 
Now let {yj} be a real sequence such that k, < yj --t k, , Construct 
corresponding sequences {QJ and {xi} such that xj E J(a, b), and 
y3 > ] f(xj) - Qj(x,)l > 1 f(x) - Qj(x>l for all x E J(a, b). Since J(a, b) is 
finite, there exists a subsequence {j’} of {j} such that {x9,} isa constant sequence 
(denote it by {x*}). Then ‘yj’ > 1 f(xi,) - Qj,(xj,)l = ( f(x*) - Q&*)] > kO , 
and [ f(x*) - Qj(x*)[ -+ k, . But this implies that there exists a subsequence 
(j”) of {j’) such that Q,-(x*) -f(x*) + k, , where f denotes an appropriate 
sign + or - (if both are possible, choose one arbitrarily). 
Denote now by xl , x, ,..., xn (x1 < x, < a** < x,J the points of J(a, b). 
Since 0 < ) f(x) - Qj,(x)I < 1 f(x*) - Q,$x*)l < ‘yj’ for each x E J(a, b), 
and yi’ -+ k, , the sequence {j”} has a subsequence {j,‘} such that 
{I f(xJ - Qi;WI converges to some pl, 0 < p1 < k,, . Hence, there exists 
a subsequence {j;] of {j,‘) such that Qr;(xI) -f(x& f p1 . Using the sequence 
{j;}, the argument of this paragraph with x1 replaced by x, defines a sequence 
{jlj such that Qi;(xi) +f(xJ &pi for i = 1, 2. Similarly for i = 3, 4,..., n; 
finally we obtain (jl} such that Q,;(xJ +f(xJ &pi for i = 1,2,..., n, where 
0 < pi < k,, . Observe that for some i, pi = k, . 
For simplicity, let {j) denote the sequence (ji}. Let T(x) denote the Lagrange 
interpolation polynomial of degree < n satisfying T(xi) = f(xi) AI pi , 
i = 1, 2,..., n. Then Qi(xi) -+ T(xJ for each xd E J(a, b); and [2, Theorem 51 
for each j and each y > 0 there exists Qj,, E Q(Z) such that 
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Therefore, as y --+ 0, II T(X) - Q&&, -+ 0. Hence, T(X) is approximable on 
[a, b], and, therefore, its coefficients are integral [2, remark following 
Theorem 31. Observe that maxJ(a,b) /f(x) - T(x)\ = k, . 
We establish now the existence of the sequence {Ql} of the theorem. Let m 
be a positive integer satisfying 2/m < max2GiGn (xi - x+~). Then, for each 
integer k >, m, define a new functionfk(x) as follows: (l)f,(x,) = f(xJ &pi 
for each xi ; (2)fic(x) = f( x ) f or x E E, u E u Eb where E, = [a, x1 - (l/k)], 
Eb = Ix, + (l/k), bl, and E = Ur=, kl + (l/Q xi - WN; and (3)&4x) 
is linear on each of the 2n open intervals of [a, b] - E, - Eb - E - J(u, b), 
so that& E C(a, b). Thenf, converges to Fat each x E [a, b]. Also, for each k, 
fk is approximable on [a, b] (as the coefficients of T are integral), so that for 
every y > 0 there exists Qk,v E Q(Z) such that If(x) - Qk,Jx)l < y 
throughout [a, b]. For every x E [a, b], and, for k = 1,2 ,..., we have 
Qw~x~ - FW = [Qk,l&) -fk(x)l + K(x) - W)l - 0 as k --f CQ. Hence, 
limk+m Qk,d4 = F(x) f or every x E [a, b]. (We have assumed n > 2 and 
a < x1 < x, < b, but similar constructions can be made in the other cases). 
DEFINITION 2. If f is approximable, let F(x) = f(x). If f‘ is not approx- 
imable, let F be as in Theorem 1. For each f E C(u, b), we call F an apparent 
best approximation to J 
Note that, in general, F is not the restriction to [a, b] of a Q E Q(Z), and, 
in fact, FE C(u, b) only if f is approximable. In addition, there may be more 
than one apparent best approximation to f if f is not approximable. For 
example, f(x) = * on r--Q, $1 has fi(x) = $ for x # 0, fi(0) = 1, and 
fi(x) = 4 for x # 0, f2(0) = 0 as apparent best approximations. 
The significance of Theorem 1 is that, regardless of the questions of the 
existence of best approximations to f and the approximability off, a conver- 
gence property holds in the following sense. 
COROLLARY 1. There ulwuys exists in Q(Z) a sequence { QW} converging to f 
in [a, b] - J(u, b). 
With the previous theorem, the proofs of convergence theorems for other 
norms are greatly simplified. 
DEFINITION 3. For p 3 1 and g E C(u, b), we set 
II g II9 = [s,” I SW qp. 
THEOREM 2. There exists in Q(Z) a sequence {Q,J such that Q,(x) -f(x) 
in the sense that I/f- Qn /I9 -+ 0 us n -+ 00, for every p, I d p < a. 
Proof. (i) If f is approximable, then for n = 1,2,..., there exists 
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Qn E Q(2) such that j f(x) - Q&)1 < l/n for all x E [a, b]. Thus, 
llf- Qn IID < 4/n for 1 < p -c ~0. 
(ii) Iffis not approximable, then by the proof of Theorem 1, for every 
P 3 1, I Qk,llk(x) - FCW - 0 and, hence, II F- Q,,,,, IL, - 0. Since F = f 
almost everywhere in [a, b], we have iIf-- Qk,l,k II9 + 0. 
Theorem 2 tells us that there exist in Q(Z) arbitrarily good approximations 
to f with respect to the L, norms. Furthermore, the existence of a best 
approximation Q tofrelative to such a norm would imply that IIf - Q jJD = 0, 
and sincef, Q E C(a, b), this would imply f = Q on [a, b]. 
COROLLARY 2. There exists in Q(Z) a best approximation to f relative to an 
L, norm if and only iff E Q(Z). 
We study now the implications of Theorem 1 for a “discrete” norm. 
DEFINITION 3. Let p 3 1, and let W = {w,, w, ,..., wz) be a fixed set of 
distinct points in [a, b]. We set, for Q E Q(Z), 
4d.h Q> = (go If(w) - Q(u.JI~)~‘~, and G = 0, b) n W. 
By Theorem I, every point wi of W for which ( f(wJ - Q(wJl cannot be 
made arbitrarily small by a judicious choice of Q must be in C, . 
THEOREM 3. If either (a) C, = @, or (b) C, # o and f is matchable on 
C, , then there exist in Q(Z) arbitrarily good approximations to f with respect 
to D, . 
Proof. (a) Suppose C, = 0. Then for each i, wi E [a, b] - J(a, b). By 
Corollary 1, there exists in Q(Z) a sequence {QJ such that, for every i, 
Q,(wi) 4f(wi). Therefore, 
D,(f, Qn> = (it If(c) - Qn(w)lp)l'p - 0. 
(b) If C, # ia, and f is matchable on C, , then there exists Q E Q(Z) 
such that Q(x) = f(x) for all x E C, . Let m be as in the proof of Theorem 1; 
we again set J(a, 6) = {x1 , x2 ,..., x,> where x1 < x2 < *a+ < x, , and again 
assume n > 2, a < x1 < x, < b. Similar arguments hold in the other cases. 
For each integer k 3 m, let fk(x) be 
a-4 for x E J(a, b), 
f(x) for x E hl + (l/k), xi - (WI, i = 2, 3 ,..., n, 
f(x) for x E [a, xl - U/WI u h + WV, bl, 
linear on each of the remaining open subintervals of [a, b]. 
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Thus, each fk is continuous in [a, b], and, since it is matchable on J(a, b), it 
is approximable on [a, b] [12, Theorems 2.6 and 4.31. For every k > m, j >, 1, 
let QL~ E Q(Z) satisfy maxaqzGb I&(x) - Qd4l < l/j. Since 
we have 
- 
fk(x) + 1 y:i 
for x E J(u, b), 
for x E [a, b] - J(u, b), 
- 
Qksk(X) + i y:i 
for x E J(u, b) 
for x E [a, b] J- J(u, 6). 
In particular, it follows that Q&wi) -ff(wJ for each i. Hence, 
o,(f, Qd = @ Ifhi) - QdW)l’p --t 0, Q.E.D. 
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